Introduction
Let S n−1 {x ∈ R n : |x| 1} be the unit sphere in R n equipped with the Lebesgue measure dσ. Suppose that Ω satisfies the following conditions. a Ω is the homogeneous function of degree zero on R n \ {0}, that is, Ω μx Ω x , for any μ > 0, x ∈ R n \ {0}. respectively. μ S and μ * , λ play very important roles in harmonic analysis and PDE e.g., see 3-8 . Before stating our result, let us recall some definitions. 
where B B x, r denotes the ball in R n centered at x and with radius r, 
where 
Proof of Theorem 1.2
Let us begin with recalling some known conclusion.
Similar to the proof of 17 , we can easily get the following. 
2.1
Now let us return to the proof of Theorem 1.2. Suppose that b, μ Ω is a bounded operator on L p,ϕ R n , we are going to prove that b ∈ BMO R n .
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We may assume that b, μ Ω L p,ϕ →L p,ϕ 1. We want to prove that, for any x 0 ∈ R n and r ∈ R , the inequality 
In this proof for j 1, . . . , 15, A j is a positive constant depending only on Ω, p, n, γ, and A i 1 ≤ i < j . Since Ω satisfies 1.2 , then there exists an A 1 such that 0 < A 1 < 1 and
where σ is the measure on S n−1 which is induced from the Lebesgue measure on R n . By the condition 1.15 , it is easy to see that
is a closed set. We claim that
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For x ∈ G, we have
2.13
For
Thus, we have
Using 2.11 , we get Ω x − y ≥ C 1 / log 2/A 1 γ . Noting that |x − x 0 | |x − y|, it follows from 2.5 , 2.7 , 2.8 , and Hölder's inequality that
2.15
5 , 2.6 , the Minkowski inequality, and Lemma 2.1, we obtain
2.16
Let
Without loss of generality, we may assume that N > A 2 > 1, otherwise, we get the desired 
|F| A 2 r n 1−p .
2.18
Thus,
Now, we claim that
where C is independent of r. In fact,
2.21
Now, we consider the L p,ϕ norm of f in the following two cases. 
2.23
Case 2 t ≤ r . Since ϕ s is nonincreasing in s, then
2.25
Now, 2.20 is established. Then, by 2.19 and 2.20 , we get |F| A 2 r n ≥ A 7 Nr n .
2.26
If
Let g y χ B x 0 ,r y . For x ∈ F, we have
10 Journal of Inequalities and Applications
Noting that if y ∈ B x 0 , r and x ∈ F, we get | x − y − x − x 0 | ≤ A 1 . Applying 2.11 , we have Ω x − y ≥ C 1 / log 2/A 1 γ . Since |x − y| |x − x 0 | when y ∈ B x 0 , r and x ∈ F, it follows that
2.29
By Ω ∈ L ∞ S n−1 , |x − x 0 | |x − y| when y ∈ B x 0 , r and x ∈ F and the Minkowski inequality, we have
2.30
Thus, by 2.28 , 2.29 , and 2.30 , we get, for x ∈ F,
Similar to the proof of 2.20 , we can easily get g L p,ϕ ≤ C/ϕ r n . Thus, by 2.31 , ϕ Nr n ≤ ϕ r n , and |b x | > NA 3 /2A 4 log |x − x 0 |/r γ when x ∈ F, we have
2.32
We first estimate L 2 . Since A 2 r < |x − x 0 | < N 1/n r for x ∈ F, we have
Now, the estimate of L 1 is divided into two cases, namely, 1: γ ≥ n; 2: 1 < γ < n.
Case 1 γ ≥ n . Since the function log s/s is decreasing for s ≥ 3 and 3r < A 2 r < |x − x 0 | < N 1/n r for x ∈ F, by 2.27 , we get
12 Journal of Inequalities and Applications
Case 2 1 < γ < n . Since the function log s γ /s n is decreasing for s ≥ 3 and 3r < A 2 r < |x − x 0 | < N 1/n r for x ∈ F, by 2.27 , we have
2.35
From Cases 1 and 2, we know that there exists a constant τ > 1 such that
So by 2.32 , 2.33 , and 2.36 , we get
Then, N ≤ A Ω, p, n, γ . Theorem 1.2 is proved.
Proof of Theorem 1.3
Similar to the proof of Theorem 1.2, we only give the outline. Suppose that b, μ S is a bounded operator on L p,ϕ R n , we are going to prove that b ∈ BMO R n . We may assume that b, μ S L p,ϕ →L p,ϕ 1. We want to prove that, for any x 0 ∈ R n and r ∈ R , the inequality where σ is the measure on S n−1 which is induced from the Lebesgue measure on R n . By the condition 1.15 , it is easy to see that
is a closed set. As the proof of 2.11 , we can get the following:
Taking B 2 > 3/B 1 1, let
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For I 1 , noting that if |z − x 0 | < r, |x − x 0 | > B 2 |z − x 0 |, and |y − x 0 | > 2B 2 |z − x 0 |, then we get
Then by 3.4 , we get
Thus, by 2.5 , 2.7 , 2.8 , and the Hölder inequality, we get 
3.8
By 2.5 and 2.6 , we have
3.9
In I 
3.10
From 3.9 and 3.10 , we get
3.11
Without loss of generality, we may assume that N > B 2 > 1, otherwise, we get the desired result. Since ϕ t is nonincreasing, we have ϕ |B x 0 , N 1/n r | ≤ ϕ |B x 0 , r | ϕ r n . Then by, 3.6 , 3.8 , and 3.11 , we get
|F| B 2 r n 1−p .
3.13
Thus, 
For K 1 , as above mentioned, we have Ω y − z ≥ C 1 / log 2/B 1 γ . Since 4|x − x 0 | ≥ |y − z| ≥ 3|x − x 0 |/2 and 4|x − x 0 | > |x − y| > |x − x 0 |, it follows the Hölder inequality that 
3.21
Journal of Inequalities and Applications 
